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Flocculation of biological cells is important in the biotechnology industry, as it could
lead to impro®ed efficiencies for bioreactor har®esting operations such as microfiltra-
tion. Experimental studies for flocculation of yeast and CHO cells using cationic poly-
electrolytes suggest the existence of a steady-state, self-similar floc size distribution. The
experimentally determined floc size distributions were modeled using a population bal-
ance approach. For flocculated yeast suspensions, the ®ariation of the floc ®olume frac-
tion with dimensionless particle diameter is predicted by the population balance model
assuming a binary breakage distribution function. Howe®er, the ®ariation of floc num-
ber fraction with dimensionless particle diameter is better predicted assuming a log nor-
mal fragment distribution function probably due to the presence of submicron-sized
yeast cell debris. For CHO cell flocs, the floc ®olume and number fractions are pre-
dicted using a log normal fragment distribution function. CHO cells are far more fragile
than yeast cells. Thus, indi®idual CHO cells in a CHO cell floc can lyse leading to the
formation of a number of small particles.

Introduction

Flocculation of particles is important in a number of fields
such as biotechnology, colloidal and polymer science, and as-

Žtronomy Shamlou and Tichener-Hooker, 1993; Friedlander,
.1977; Silk, 1980 . Flocculation of fine particulate matter is an

important pretreatment step in the liquid-solid separation
Žprocess in a number of industrial applications Blatz and To-

bolsky, 1954; Coulaloglou and Tavlarides, 1977; Danov et al.,
.1994 . The first of the purification operations in the manufac-

ture of biotechnological products usually involves the separa-
tion of cells and cell debris from the suspending medium.
Frequently, the desired product is excreted by the cells into
the suspending medium. Microfiltration is often used to sep-
arate the suspending medium from the cells and other insolu-
ble particulate matter. In this work we focus on flocculation
of cell suspensions in order to improve the efficiency of unit
operations such as microfiltration which are used in the
biotechnology industry.

Correspondence concerning this article should be addressed to S. R. Wickrama-
singhe.

Biological feeds are notoriously difficult to filter either, be-
cause they are highly non-Newtonian, or because the cake

Ž .formed is highly fouling Belter et al., 1988 . During filtra-
tion, these cakes deform into an impermeable mat resulting
in very low permeate fluxes and high-pressure drops. The fil-
terability of the feed may also depend on the cell viability at
the time of bioreactor harvesting. A low cell viability means a
large number of the cells present are dead. These dead cells
lyse, producing smaller particles that can easily plug the
membrane pores. One way to improve the filterability of bio-
logical feeds is to treat them prior to microfiltration. Previous

Žinvestigators Aunins and Wang, 1989; Gasner and Wang,
.1970; Baran, 1988; Hughes et al., 1990; Kim et al., 2001 have

shown that addition of synthetic polymeric flocculants to cell
suspensions leads to an increase in the average particle size.
Since the permeate flux during microfiltration increases with

Ž .particle size Belfort et al., 1994 , increasing the particle size
by flocculation should lead to higher permeate fluxes.

Flocculation of cell suspensions will lead to a distribution
Žof particle sizes. A number of investigators Kim et al., 2001;

Dharmappa et al., 1992; Wickramasinghe, 1999; Huisman et
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.al., 1999; Tanaka et al., 1994; Chellam and Wiesner, 1998
have shown that, for polydisperse feeds, the presence of
smaller particles often leads to lower permeate fluxes during
microfiltration than would be expected based on the average
particle size. Thus, determining the properties of the parti-
cle-size distribution after flocculation is essential in order to
predict the effect of flocculation on the permeate flux.

In biotechnology applications, the flocculant is added to
the bioreactor in order to destabilize the suspension. Previ-
ous investigators have reported studies using positively, neu-

Žtrally, and negatively charged flocculants Aunins and Wang,
1989; Gasner and Wang, 1970; Baran, 1988; Hughes et al.,

.1990; Kim et al., 2001 . In general positively charged floccu-
lants are the most successful since the cells are negatively
charged. For flocculation to occur, collisions are essential be-
tween particles. Thus, after addition of the polymer, the sus-
pension is stirred in order to ensure thorough mixing and,
hence, a high collision frequency. Initially, the flocs grow
rapidly. However, as the flocs become larger, they can be
fragmented by fluid particle interactions. Consequently, in
this work we focus on simultaneous shear induced floccula-
tion and fragmentation.

A population balance equation may be used to model the
Ž .floc size distribution Ramkrishna, 2000 . The population bal-

ance equation accounts for various ways in which particles of
a specific state can either form or disappear from the system.
A common approach has been to combine the collision fre-
quency for shear induced flocculation with a mathematical
expression for particle fragmentation.

Since the rates of flocculation and fragmentation depend
on the size of the floc, a steady-state floc size distribution can
arise favoring floc sizes in the range in which the time scales
of the two processes balance each other. The existence of a
steady-state floc size distribution has been shown experimen-
tally by a number of investigators. For example, steady-state
floc size distributions have been observed for monodisperse

Žpolystyrene particles in distilled water Spicer and Pratsinis,
. Ž1996 , kaolinite clay suspension Tambo and Watanabe, 1979;

.Lu and Spielman, 1985 and for dispersed phase droplets in a
Ž .liquid-liquid dispersion Zeitlin and Tavlarides, 1972 . Reich

Ž .and Vold 1959 found that a steady floc size distribution ex-
isted for flocculation of aqueous suspensions of carbon and
ferric hydroxide in water.

Ž .Vigil and Ziff 1989 have investigated numerically the ex-
istence of a steady-state floc size distribution. They deter-
mined conditions under which a steady-state distribution ex-
ists for different functional forms of the flocculation and
fragmentation rates. If the dimensionless steady-state floc size
distributions obtained under different conditions can be col-
lapsed onto the same curve, the distribution is said to be

Ž .self-similar. Ramkrishna 2000 has discussed in detail the ex-
istence of a self-similar floc size distribution. Obtaining such
a distribution is of considerable value not only in the charac-
terization of experimental data, but also in order to identify
key model parameters associated with the system behavior.

Most prior experimental and theoretical studies have fo-
cused on flocculation of inorganic feed streams. This article
focuses on flocculation of feedstreams of significance to the
biotechnology industry. In particular, experiments have been
conducted using both yeast and CHO cells. Yeast cells were
chosen since they have been used in previous microfiltration

Žstudies Kim et al., 2001; Bell and Davies, 1987; Ofsthun,
.1989; Patel et al., 1987; Russotti et al., 1995 . In addition

yeast cells make a good model system, as they are nonde-
formable rigid spheroids with a major radius of about 3.5 �m
and a minor radius of 2.7 �m. CHO cells are frequently used
in the biotechnology industry. The yeast and CHO cell feed-
streams were flocculated using commercially available
cationic polymeric flocculants obtained from Cytec Industries
Ž .Stamford, CT . The steady-state floc size distributions deter-
mined experimentally are compared to the predictions based
on the population balance model.

Theory
The rate of change with time of the volume fraction of

particles of size i is given by

maxd� 1i s � � � � y� � � � yS �Ý Ýjk jk j k i ik ik k i idt 2 jq ks i ks1

max

q � S � 1Ž .Ý i j j j
js iq1

where � , � , and � are the volume fraction of particles ofi j k
size i, j, and k; � is the collision efficiency between twojk
colliding particles j and k; � is the collision frequency be-jk
tween two particles j and k; S is the fragmentation rate ofi
particles of size i; and � is the fragment distribution func-i j
tion of size i coming from j-sized particles.

It is assumed that the density of the floc particles is con-
stant; consequently, the total volume of particulate matter
present is constant throughout the flocculation process. Thus,
� is the volume of all particles of size i divided by the totali
volume of particulate matter present. The first and fourth
terms on the righthand side in Eq. 1 represent rates of pro-
duction of particles of size i, while the second and third terms
represent the destruction of flocs of size i.

The first two terms are flocculation terms. The first term
gives the rate of formation of flocs of size i due to collisions
between two smaller particles of size j and k. In this expres-
sion � , the collision efficiency, gives the fraction of colli-jk
sions that lead to flocculation and � gives the frequency ofjk
collisions between particles j and k. The summation in the
first term is for all combinations of particles that will produce
a new particle of size i. Since collisions between particles of j
and k are the same as between particles of k and j, the
factor 1r2 is added. As can be seen, the first term depends
on the volume fraction � and � of the colliding particles.j k
The second term gives the rate of disappearance of particles
of size i due to collision with other particles.

The third and fourth terms are fragmentation terms. The
third term gives the rate of fragmentation of particles of size
i where S is the fragmentation rate. The fourth term givesi
the rate of production of particles of size i due to fragmenta-
tion of larger particles of size j. � is the fragment distribu-i j
tion function. Equation 1 may also be expressed in terms of
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Table 1. Literature Expressions for the Collision Efficiency

No. Expression Ref. Comments
2d qd d qdi j i j� �� s sin � as cos �ž / ž /4 2 Ž .1 � s Chin et al. 1998 Flocculation of polystyrenei j 3Ž .0.29 d qd G and magnetite particlesi j

c
d qdi j Ž .2 � s� 1y Koh et al. 1987 Flocculation of scheelitei j o ž /2 dmax sodium oleate system

Ž .3 � s1 Spicer et al. 1996a ; Saffman Assumes all collisioni j
Ž .and Turner 1956 ; will lead to

Ž .Spicer and Pratsinis 1996 flocculation

the number fraction of particles of size i.

maxdn 1i � � � � �s � � n n yn � � n yS nÝ Ýjk jk j k i ik ik k i idt 2 jq ks i ks1

max
� �q � S n 2Ž .Ý i j j j

js iq1

where n is the number concentration of flocs of size i di-i
vided by the total number of particle present. � � , � � , S�,jk jk i
and � � are still the collision efficiency between two collidingi j
particles j and k, the collision frequency between two parti-
cles j and k, the fragmentation rate of particles of size i, and
the fragment distribution function of size i coming from j-
sized particles. However, the total number of particles pre-
sent is not constant, but is a function of time for a given set
of experimental conditions.

Equations 1 and 2 may be solved once appropriate expres-
sions have been found for the parameters � , � , S , and �jk jk i i j
or � � , � � , S� and � � . Each of these parameters is discussedjk jk i i j
below.

Collision efficiency
In this work it is assumed that the population density is

small such that during a time interval dt, the probability of
more than two particles aggregating simultaneously to form a

Ž 2.single particle is only of order O dt , while that of two parti-

Ž .cles aggregating is of order O dt . Thus we consider only two
Žbody interactions, as have many previous investigators Bat-

terham et al., 1981; Koh et al., 1987; Hounslow et al., 1988;
Berlin et al., 1997; Kislenko, 2000; Spicer and Pratsinis, 1996;

. Ž .Spicer et al., 1996a . McAnally and Mehta 2000 have devel-
oped a collision efficiency factor for three body interaction.
However, even for particle volume fractions of 10%, the ratio
of three body to two body interaction is only 0.05.

Collision efficiencies used in several past studies are sum-
marized in Table 1. Some previous investigators have derived
specific functional forms for the collision efficiency. Chin et

Ž .al. 1998 studied the flocculation of polystyrene and mag-
netite particles. They developed a model by using trajectory
analysis and a population balance equation. They determined
their collision efficiency by taking the ratio of the flocculation
rate when interparticle forces and hydrodynamic mobility are
taken into account to the flocculation rate in the absence of
these factors. However, the collision efficiency that they pre-

Ž .dict assumes the Saffman and Turner 1956 equation for the
Ž . Ž .collision frequency see below . Koh et al. 1987 derived an

empirical expression for the flocculation efficiency. This
equation gave satisfactory results for the flocculation of a
scheelite-sodium oleate system.

Numerous past investigators have assumed a collision effi-
Žciency of 1 Spicer et al., 1996a; Saffman and Turner, 1956;

.Spicer and Pratsinis, 1996 . This implies that, if two particles
were to collide, they will stick together. Since biological cells
often aggregate naturally, in this work it will be assumed that
the collision efficiency is 1.

Table 2. Literature Expressions for the Collision Frequency

No. Expression Ref. Comments

2kT 1 1
Ž . Ž .1 � s d qd q Smoluchowski 1916 Perkinetic flocculationi j i j ž /� d di j

1
3Ž . Ž .2 � s G d qd Smoluchowski 1917 ; Camp and Orthokinetic flocculationi j i j6 Ž . Ž .Stein 1943 ; Koh et al. 1987

Ž .Chin et al. 1998 ; Saffman and Turbulent flow2.3
3Ž . Ž .3 � s G d qd Turner 1956 ; Spicer and Pratsinisi j i j8 Ž . Ž .1996 ; Spicer et al. 1996a

� 2
2 3Ž . Ž .4 � s F G d qd McAnally and Mehta 2000 Aggregation of estuarial fine(i j c i j4 15� sediment

2 2U U
2Ž . Ž .5 � s1.25 d qd q Abrahamson 1975 Turbulent flowi j i j ( 2 21q1.5� 	rU 1q1.5� 	rU1 2
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Collision frequency
Collision frequencies used in some past studies are sum-

marized in Table 2. The collision frequency depends upon
the prevailing hydrodynamic conditions. Perikinetic floccula-
tion occurs in a quiescent system where collisions between
particles occur due to their Brownian motion. Smoluchowski
Ž .1916 determined the collision frequency for perikinetic floc-
culation. Since perikinetic flocculation is slow for particles 1
�m or larger in diameter, it is not expected to be significant
for the flocculaton of cells.

Orthokinetic flocculation occurs in a laminar shear field.
Flocculation under these conditions is useful in experimental
studies since the flow field is well defined. Smoluchowski
Ž .1917 also determined the collision frequency for orthoki-
netic flocculation. However, most practical flocculators are
operated in a stirred tank under turbulent conditions, thus
ensuring thorough mixing and hence a high collision fre-
quency between particles and, therefore, rapid floc growth.

Ž .Saffman and Turner 1956 derived an expression for the
collision frequency of small drops in turbulent flow. Two ma-
jor assumptions in their equation are that the drops are ap-
proximately equal in size and that the drops are much smaller
than the smallest turbulent eddies present. Consequently, the

collision rate depends only on the dimensions of the drops,
the rate of energy dissipation and the kinematic viscosity of

Ž .the fluid. In their original article Saffman and Turner 1956
Žgive the numerical constant as 1.3, rather than 2.3 see Table

.2, Eq. 3 . Although this error was corrected by Pearson et al.
Ž .1984 , the original incorrect form of the equation has been

Ž .used Spicer and Pratsinis, 1996; Spicer et al., 1996a . Saffman
Ž .and Turner 1956 also determined the collision frequency

for drops with different inertia due to gravity and turbulent
Ž .accelerations. McAnally and Mehta 2000 provide an equa-

tion for the collision frequency that is very similar to that of
Saffman and Turner for the aggregation of estuarine sedi-
ment.

Biological feed solutions do not consist of equal sized par-
ticles. As well as cells, cell debris and other insoluable submi-

Ž .cron sized particulate matter is present Kim et al., 2001 .
Further, as the floc particles start to grow, it is unlikely that
they will be much smaller than the smallest turbulent eddies
present. Nevertheless, several previous investigators have
used the Saffman and Turner equation for flocculation of in-

Žorganic systems such as polystyrene particles Spicer and
. ŽPratsinis, 1996 and polystyrene and magnetite particles Chin

.et al., 1998 where it is unlikely that the two major assump-

Table 3. Literature Expressions for Fragment Distribution Functions Which Allow a Self-Similar Solution

No. Expression Ref. Comments
Ž .1 � scuru Spicer et al. 1996a ; For binary fragment, cs1, js iq1;i j j i

Ž .Spicer and Pratsinis 1996 for ternary fragment, cs2, js i,
iq1; and for quaternary
fragment, cs1, js iq2

2Ž .u 1 log urubj mi Ž .2 � s exp y du Pandya and Spielman 1982 ; Log normal distribution asHi j ž /'u log 
2� log 
bi Ž .is1 Lu and Spielman 1985 defined by Mochizuki
Ž .and Zydney 1993

2Ž .u 1 uyubj mi Ž .3 � s exp y du Spicer and Pratsinis 1996 Normal distributionHi j 2'u 2
2� 
bi is1

Ž . Ž . Ž .4 � sB u ,u yB u ,u Kusters et al. 1993 Ultrasonic fragmentationi j i j iy1 j

y5r3 1r3Ž . Ž .uru exp y uruŽ .i j i j Ž .5 � s Broadbent and Calcott 1956 Millingi j Ž .3u 1y1rej
ry1y5r3 1r3Ž . Ž .r uru 1y uruŽ .i j i j Ž .6 � s Gaudiin and Meloy 1962 Random fracturei j 3uj

cy2 dy2Ž . Ž . Ž .ac uru q 1ya d urui j i j Ž .7 � s Shoji et al. 1980 Millingi j u j

1
Ž .8 � s Reid 1965 Theoreticali j 5r3Ž .3u uruj i j

ny2Ž .n urui j Ž .9 � s Randolph and Ranjan 1977 Theoreticali j u j
2 2Ž .2 exp y u yur2 r2
i j

Ž .10 � s Gelbard and Peterson 1983 ; Theoreticali j u j'2� 
 erf ž /'2 2 


Ž .Pandya and Spielman 1982
2 nŽ .Ž .2 2nq1 2uru y1i j Ž .11 � s Gelbard and Peterson 1983 Fly ash formationi j u j

2 2Ž . w Ž . xK 
 ,cu exp yln urcu r2 ln 
j i j Ž .12 � s Peterson 1984 Fly ash formationi j ui
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tions of the Saffman and Turner equation are valid. There-
Žfore, the Saffman and Turner equation Saffman and Turner,

.1956 will be used in this work.
Ž .Abrahamson 1975 also considered flocculation in turbu-

lent systems in the absence of body forces such as gravita-
tional and centrifugal forces. However, he considered the case
where larger particles exist or more vigorous fluid turbulence
meant that the fluid and particle velocities may not coincide.
In this study it is likely that as the floc particles start to grow,
the fluid and particle velocities will not coincide. Thus, the
equation derived by Abrahamson will also be used in this
work. We shall compare the results obtained using the

Ž .Saffman and Turner equation Saffman and Turner, 1956
Ž .and the Abrahamson equation Abrahamson, 1975 .

Fragmentation rate
In grinding applications such as ball mills, it is often found

that the fragmentation rate is given by the equation

�ui
S s A 3Ž .i ž /umax

where A is the specific fragmentation rate for the largest
particles present, � is a constant, u is the volume of particlei

Ži, and u is the volume of the largest particle present Raymax
.and Hogg, 1987; Peng and Williams, 1994 . For the fragmen-

Žtation of flocs, Eq. 3 is often written in the form Pandya and
.Spielman, 1982

S s A�G�
�

u�
�

4Ž .i i

Assuming that the floc fragmentation rate is proportional
Ž .to floc diameter Boadway, 1978; Peng and Williams, 1994 ,

� Ž .� is 1r3. Pandya and Spielman 1982 and Spicer and Pratsi-
Ž . �nis 1996 found � to be 1.6 for kaolin and polystyrene flocs,

Ž . �respectively. Oles 1992 found A to be 0.0047. These values
Ž . Ž .will be used in this work. Kapur 1972 and Ramkrishna 2000

have shown that this type of power law fragmentation will
permit a self-similar solution for fragmentation processes.

Fragment distribution function
Numerous fragment distribution functions have been de-

scribed in the literature, some of which are summarized in
Table 3. Four fragment distribution functions will be consid-
ered: binary fragmentation, where the two fragments pro-
duced are of approximately equal volume; ternary fragmenta-
tion, where three fragments are produced, two of which have
the same volume while the third fragment is larger; quater-
nary fragmentation, where four fragments of approximately
equal volume are produced; and log normal fragmentation,
where the fragments produced are distributed according to
the log normal distribution.

Binary fragmentation is the simplest. It is likely that when
relatively small yeast flocs fragment two approximately equally
sized particles are formed. Larger yeast flocs could fragment
into three or four particles, as described by the ternary and
quaternary fragment distribution functions. However, it is un-
likely that the individual yeast cells will lyse during the floc-
culation process.

CHO cells are much more fragile than yeast. Like yeast
flocs, CHO flocs can fragment into two, three, or four parti-
cles. However, lysis of the individual CHO cells due to the
shear stresses created near the stirrer is possible. Kolmogo-

Ž .roff 1941 has shown that the log normal distribution is the
asymptotic limit of a repeated breakage process. For floc ero-

Ž .sion, Pandya and Spielman 1982 and Lu and Spielman
Ž .1985 show that the resulting particles are described by a log
normal distribution. Since lysis of CHO cells is more like a
random breakage process, the log normal fragment distribu-
tion function will also be considered here. Different expres-
sions are given in the literature for the log normal distribu-
tion. Here, we use the expression presented by Mochizuki

Ž . Ž .and Zydney 1993 . Zydney et al. 1994 provide the appro-
priate equations to transform between the various forms of
the log normal distribution given in the literature. Table 3
also gives other fragment distribution functions that have been
shown to permit self-similar solutions for fragmentation pro-

Ž .cesses Peterson, 1986; Peterson et al., 1985 .

Computational method
The computational method used to solve the population

Ž .balance equation Eqs. 1 and 2 is similar to that described by
Ž .Spicer and Pratsinis 1996 . The total number of flocs present

Žis divided into several sections for ease of computation in
.most cases 30 sections are used . Each section, such as sec-

tion i, is represented by a characteristic volume u which isi
the average volume of the sizes contained in the section. It is

Žassumed that u s2u . Thus, Eq. 1 can be written as Kus-i iy1
.ters et al., 1993

iy2dVi jy iq1s 2 � � V VÝ jŽ iy1. jŽ iy1. j iy1dt js1

iy11
2 jy iq � � V yV 2 � � VÝŽ iy1.Ž iy1. Ž iy1.Ž iy1. iy1 i ji ji j2 js1

max imax

yV � � V yS V q � S V 5Ž .Ý Ýi ji ji j i i i , j j j
js i js iq1

where V is the volume fraction of flocs in section i, and �i i, j
is the breakage distribution function of size i coming from
j-sized flocs modified to conserve volume. The upper bound-
ary of the summation in the fourth term is the maximum sec-
tion number, while the upper boundary of the summation in
the sixth term is the largest section number which can pro-
duce fragments that fall in section i.

Equation 5 can be solved by using a finite-difference ap-
proximation. The volume concentration in each section can
be calculated from a set of initial conditions. The initial con-
ditions investigated in this article are: initial particle number
concentration 9.3�104 y 9.3�107 cmy3, and initial particle
diameter 0.5
10 �m. In addition shear rates between 500
and 50 sy1 have been investigated. The solution method used
for Eq. 2 is analogous to the method described above for Eq.
1.

In this work we consider only the steady-state solution.
Consequently, we do not give details of the dynamic behavior
of the system and the time to reach steady state, which do
depend on the initial and operating conditions. For the range
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Table 4. Polymer Flocculants Tested

No. Flocculants Molec. Wt. Charge Dens. % Dosage mg Polymerrg Cell Feedstream
61 CYSEP 2410 15y20�10 5 0
13 Yeast

62 CYSEP 2420 15
20�10 10 0
14 Yeast
63 CYSEP 2440 15
20�10 20 0
14 Yeast
64 CYSEP 2460 15
20�10 40 0
14 Yeast
65 CYSEP 2480 15
20�10 55 0
18 Yeast

66 CYSEP 2454 8
12�10 20 0
14 Yeast
67 CYSEP 2456 8
12�10 40 0
14 Yeast
68 CYSEP 2458 8
12�10 55 0
17 Yeast
69 CYSEP 2461 8
12�10 40 0
14 Yeast
610 CYSEP 2465 8
12�10 35 0
18 Yeast

611 CYSEP 2485 5
8�10 55 0
18 Yeast
� �6 Ž . Ž .12 CYSEP 4218 1
5�10 10 0
9 0
850 Yeast CHO cell

613 CYSEP 4224 1
5�10 40 0
9 Yeast
�6 Ž . Ž .14 CYSEP 4225 1
5�10 55 0
9 0
850 Yeast CHO cell

�CHO cell concentration was 1
2�106 cellrmL solution; flocculant dosage for CHO cell feedstream is in ppm.

of initial and operating conditions tested here, a steady-state
solution is always obtained.

The fourth-order Runge-Kutta method with adaptive step
size control is used to obtain the particle-size distribution at
each time step from a given initial condition. The calculation
was conducted until steady state was reached. In this study,
steady state is defined as follows

d ydV , i V , iy1 y6	s �10 6Ž .
dV , i

where d and d are the volume based average particleV, iy1 V , i
size at time step iy1 and i, respectively, and 	 is the relative
difference of the average particle size between two neighbor-
ing steps.

Experimental Methods
Flocculation experiments were conducted using baker’s

Žyeast and CHO cell American Type Culture Collection
Ž . .ATCC , Manassas, VA, catalogue number CRL-9606 feed-
streams. Table 4 summarizes the flocculants used. In the case
of baker’s yeast, the cells were washed and suspended in
deionized water containing glucose. The ratio of glucose to

Ž .yeast was 1:5. The yeast suspension 25 mL was then diluted
50% by adding a total of 25 mL of deionized water and 1%
polymer solution. The amount of polymer solution added de-
pended on the desired final flocculant concentration. The
suspensions were then stirred in a beaker for various times
ranging from 1 to 20 min at stirring speeds ranging from 50
to 1,000 rpm, after which the particle-size distribution of the
flocculated feedstreams was measured using a Coulter
Ž .Miami, FL LS 230 laser diffraction particle analyzer. The
procedure used for the CHO cell experiments was similar ex-
cept that the cells were suspended in growth medium.

Results
The population balance Eqs. 1 and 2 were solved using the

method described above. Figure 1 gives the results for the
four different fragment distribution functions investigated.
The collision frequency is given by the Abrahamson equation
Ž .Eq. 5, Table 2 . In Figure 1, the cumulative volume fraction

Ž .F V is plotted as a function of dimensionless floc diameteri
d rd . The dimensionless floc diameter is defined as a floci V
diameter d divided by the average diameter d , which isi V
calculated by

max

d s d V 7Ž .ÝV i i
is1

where V is the volume fraction of flocs in section i. d is thei V
volume based average floc diameter. Figure 2 is analogous

Ž .except that the cumulative floc number fraction F N isi
plotted as a function of dimensionless floc diameter d rdi N
where d is defined byN

max

d s d N 8Ž .ÝN i i
is1

where N is the number fraction of flocs in section i. d isi N
the number based average floc diameter. Shear rates be-
tween 500 and 50 sy1 were used. All the curves in Figure 1
are independent of shear rate. In Figure 2, for the log normal
fragment distribution function, for dimensionless particle di-

Figure 1. Cumulative floc volume fraction as a function
of dimensionless floc diameter.
d is the volume average floc diameter. Results are shownV
for binary, ternary, quaternary and log normal fragment dis-

Žtribution functions. The Abrahamson equation Eq. 5, Table
.2 was used for the collision frequency. All curves are for

shear rates ranging from 50
500 sy1.
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Figure 2. Cumulative floc number fraction as a function
of dimensionless floc diameter.
d is the number average floc diameter. Results are shownN
for binary, ternary, quaternary and log normal fragment dis-

Žtribution functions. The Abrahamson equation Eq. 5, Table
.2 was used for the collision frequency. All curves are for

shear rates ranging from 50
500 sy1.

ameter less than 2, the results obtained for different shear
rates do not fall on the same curve. However, for the binary,
ternary, and quaternary fragment distribution functions, the
results at different shear rates do appear to fall on the same
curve.

Ž . Ž . Ž .Figures 3 and 4 give � F V r� d rd and � F N ri i V i
Ž .� d rd vs. dimensionless floc diameter, respectively. Thesei N

figures plot the derivative of the corresponding cumulative
distributions shown in Figures 1 and 2. Again, results are given
for the four different fragment distribution functions investi-
gated. In Figure 3, the results are independent of shear rate.
However, in Figure 4, for the ternary, quaternary, and log
normal fragment distribution functions at smaller dimension-
less particle diameters, the results do depend on shear rate.
Consequently, results for the different fragment distribution
functions are shown separately for clarity. The results in Fig-
ures 1
4 were obtained for initial particle number concentra-
tions ranging from 9.3�104 to 9.3�107 cmy3, and initial
particle diameters ranging from 0.5 to 10 �m. No effect of
either initial particle concentration or particle diameter was
observed in these ranges.

Figures 1 and 2 show that the cumulative volume and num-
ber fractions for the four different fragment distribution
functions appear similar. Although Figure 4 shows that the
floc number fraction for ternary and quaternary fragment
distribution functions deviate from self-similar behavior for
smaller floc diameters, this is not evident in the correspond-
ing cumulative distribution shown in Figure 2. Thus, small
deviations from self-similar behavior are less easily seen in
the cumulative distribution.

Figures 5 and 6 are analogous to Figures 3 and 4 except
Ž .that the Saffman and Turner equation Eq. 3 in Table 2 was

used to predict the collision frequency. In Figures 5 and 6
each of the distribution functions corresponding to the differ-
ent fragment distribution functions are shown separately for
clarity. Data are shown for shear rates from 500
50 sy1. Fig-
ure 5 gives the variation of the floc volume fraction with the
dimensionless floc diameter. As can be seen with the excep-
tion of the binary fragment distribution function, the shear
rate does affect the shape of the floc volume fraction curves

Figure 3. Floc volume fraction as a function of dimen-
sionless floc diameter.
d is the volume average floc diameter. Results are shownV
for binary, ternary, quaternary, and log normal fragment dis-

Žtribution functions. The Abrahamson equation Eq. 5, Table
.2 was used for the collision frequency. All curves are for

shear rates ranging from 50
500 sy1.

at smaller dimensionless particle diameters. In the case of
Figure 6, which gives the floc number fraction, the shear rate
affects the shape of the curves for all four fragment distribu-
tion functions. The results in Figures 5
6 were obtained for
initial particle number concentrations ranging from 9.3�104

to 9.3�107 cmy3, and initial particle diameters ranging from
0.5 to 10 �m. No effect of either initial particle concentra-
tion or particle diameter was observed in these ranges.

Figures 7
10 show the corresponding experimental data.
Figure 7 gives the variation of the cumulative floc volume
fraction as a function of dimensionless particle diameter. Re-
sults for yeast and CHO cells are plotted as solid and dashed
lines, respectively, and are shown separately for clarity. Nu-
merical results for the binary and log normal fragment distri-
bution functions are also shown as solid lines with open
squares and triangles, respectively. Figure 8 gives the experi-
mentally determined cumulative floc number fraction for
yeast and CHO cells together with numerical results for the
binary and log normal distribution functions. In Figures 7 and
8, the collision frequency was given by the Abrahamson equa-
tion for the numerical results.

Figures 9 and 10 give the floc volume and number fraction,
respectively. Results for yeast and CHO cells are plotted as
solid and dashed lines, respectively, and are shown separately
for clarity. Numerical results for the binary and log normal
fragment distribution functions are included as solid lines with
open squares and triangles, respectively. The collision fre-
quency was given by the Abrahamson equation for the nu-
merical results. From Figure 4, when the log normal frag-
ment distribution is used, the floc number fraction depends
on shear rate. In Figure 10, the numerical result for the log
normal fragment distribution function is for a shear rate of
500 sy1.

Discussion
The conditions necessary for the existence of a steady-state

particle-size distribution when flocculation and fragmenta-
tion occur simultaneously have been discussed in detail by

Ž . Ž .Vigil and Ziff 1989 and Ramkrishna 2000 . Since the rates
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Figure 4. Floc number fraction as a function of dimensionless floc diameter.
d is the number average floc diameter. Results are shown for binary, ternary, quaternary and log normal fragment distribution functions.N

Ž . y1The Abrahamson equation Eq. 5, Table 2 was used for the collision frequency. Shear rates shown in the legends are in s .

Ž � . Ž �.of flocculation � and � and fragmentation S and Sjk jk i i
depend on the size of the particles present, it is possible that
a particle-size distribution exists where the time scales of the
two processes can match each other leading to a steady-state
particle-size distribution. In general, larger particles frag-

Ž .ment more easily than smaller particles. Ramkrishna 2000
also discusses the necessary conditions for self-similar behav-
ior if a steady-state particle-size distribution exists. A cumu-

Ž . Ž .lative distribution such as F V and F N will be self-similari i
Ž . Ž .if the corresponding distribution functions � F V r� d rdi i V

Ž . Ž .and � F N r� d rd are self-similar.i i N
Previous investigators have shown that use of fragmenta-

Žtion rates of the form of Eqs. 3 or 4 Ramkrishna, 2000; Ka-
.pur, 1972; Peterson, 1986; Peterson et al., 1985 and binary,

ternary, quaternary, or log normal fragment distribution
functions could lead to a self-similar solution. Earlier studies
ŽPearson et al., 1984; Spicer and Pratsinis, 1996; Spicer et al.,

.1996a have also shown that use of the Saffman and Turner
Ž .equation Eq. 3, Table 2 could lead to a self-similar

particle-size distribution.
Figures 1 and 2 show the cumulative floc volume and num-

ber fractions as a function of volume and number based aver-

Ž . Ž .age particle diameter. Kapur 1972 and Ramkrishna 2000
show that scaling the particle diameter by the average parti-
cle diameter could lead to the existence of a self-similar solu-
tion. Figure 1 shows that the cumulative floc volume curves
for shear rates from 50
500 sy1 lead to self-similar solutions
for the four fragment distribution functions investigated. Fig-
ure 2 shows that, for the log normal fragment distribution
function, the numerical data points for dimensionless particle
diameters less than 2, obtained at different shear rates, do
not fall on the same curve. Consequently, it appears that with
the exception of the log normal fragment distribution func-
tion self-similar solutions appear to exist for binary, ternary,
and quaternary fragmentation.

Since the cumulative distribution functions shown in Fig-
ure 1 are self-similar, we would expect the distribution func-
tions themselves to be self-similar. Figure 3 shows that this is
in fact the case.

Figure 4 shows the distribution functions given by the four
fragment distribution functions plotted against dimensionless
particle diameter that correspond to the various cumulative
distribution functions shown in Figure 2. As can be seen, only
binary fragmentation leads to a self-similar solution for all
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Figure 5. Floc volume fraction as a function of dimensionless floc diameter.
d is the volume average floc diameter. Results are shown for binary, ternary, quaternary, and log normal fragment distribution functions.V

Ž . y1The Saffman and Turner equation Eq. 3, Table 2 was used for the collision frequency. Shear rates shown in the legends are in s .

floc diameters. Deviations from self-similarity are observed
for shear rates above 300 sy1 for ternary fragmentation, above
200 sy1 for quaternary fragmentation and at all shear rates
investigated for log normal fragment distribution function.

As can be seen from Figure 5, only the binary fragment
Ždistribution appears to lead to a self-similar solution for all

.floc diameters for the floc volume fraction at all the shear
rates investigated. In fact, closer investigation of the result
for binary fragmentation showed small deviations from self-
similarity at a shear rate of 500 sy1. For the ternary fragment
distribution function, deviations from self-similarity are ob-
served at shear rates above 200 sy1 and, for the quaternary
and log normal fragment distribution functions, self-similarity
for all floc diameters was not observed for any of the shear
rates investigated. Figure 6 shows that self-similar solutions
were not found to exist over the entire range of floc diame-
ters for all four fragment distribution functions.

The results shown in Figures 5 and 6 are in agreement with
Ž .similar calculations performed by Spicer and Pratsinis 1996 .

These authors point out that the shape of the steady-state
Žfloc size distribution is not affected by shear rate for a given

.fragment distribution function once the flocs grow well be-
yond the size of the initial particles. At higher shear rates,
Figures 4
6 show that the floc volume and number distribu-
tion functions are self-similar for larger floc diameters. How-
ever, at smaller floc diameters and at higher shear rates, de-
viations from self-similarity are observed. As the particles
start to grow, since the collision frequency given by the
Saffman and Turner and Abrahamson equations increases
with increasing particle size, the rate of flocculation in-
creases. However, at high shear rates, when a large number
of primary particles are present, flocculation of the particles
is suppressed; hence, full self-similarity over all floc diame-
ters is not obtained. Nevertheless, all the distributions shown
in Figures 4
6 are steady-state distributions.

Comparing Figures 3 and 4 with 5 and 6, we see that the
collision frequency equation used does have a significant ef-
fect on the floc volume and number fraction curves. In par-
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Figure 6. Floc number fraction as a function of dimensionless floc diameter.
d is the number average floc diameter. Results are shown for binary, ternary, quaternary, and log normal fragment distribution functions.N

Ž . y1The Saffman and Turner equation Eq. 3, Table 2 was used for the collision frequency. Shear rates shown in the legends are in s .

ticular, if the collision frequency is predicted by the Abra-
hamson equation, self-similarity is found to exist at higher
shear rates for a given fragment distribution function com-
pared to the Saffman and Turner equation. Further, Figures
4
6 also show that the maximum shear rate at which self-sim-
ilar solutions exist decreases with fragment distribution func-
tion in the order binary, ternary, quaternary, and log normal.
This is true irrespective of whether the collision frequency is
given by the Saffman and Turner or Abrahamson equations.

The log normal fragment distribution function will produce
more smaller fragments than the quaternary fragment distri-
bution function. Similarly, the ternary fragment distribution
function will produce less small fragments than the quater-
nary fragment distribution function. The binary fragment dis-
tribution function will produce two approximately equal frag-
ments. At higher shear rates, flocculation of smaller frag-
ments is suppressed. Thus, fragment distribution functions
that produce more small particles will deviate from the self-
similar solution for small floc diameters, at higher shear rates.

The experimental results for yeast and CHO cells are given
in Figures 7
10. Figures 7 and 8 indicate that the experimen-

tally determined cumulative floc volume and number frac-
tions appear to show self-similar behavior. In Figures 7
10
numerical results for the binary and log normal fragment dis-
tribution functions using the Abrahamson equation for the
collision frequency are also shown. For the log normal distri-
bution, values of 
 ranging from 2 to 20 were investigated.
In Figures 7
10, 
 s12 is used since this value was found to
give the best fit to the experimental data.

Figure 9 shows that within experimental uncertainty the
floc volume fraction for yeast and CHO cells show self-simi-
lar behavior. Since only the numerical results obtained using
the Abrahamson equation for the collision frequency show
self-similar behavior for all dimensionless floc diameters, the
numerical results obtained using the Saffman and Turner
equation were not used to model the experimental results.
Further, from Figures 7 and 9, it can be seen that the binary
fragment distribution gives the best prediction of the results
for yeast, while the log normal fragment distribution function
gives the best prediction for CHO cells. This is in keeping
with our hypothesis that yeast flocs are likely to fragment
into two particles where, as CHO cells, they could lyse pro-
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Figure 7. Cumulative floc volume fraction as a function
of dimensionless floc diameter.
d is the volume average floc diameter. Solid lines are ex-V
perimental results for yeast, dashed lines are experimental
results for CHO cells. Open squares and triangles represent
the numerical results using binary and log normal fragment
distribution functions, respectively. The Abrahamson equa-

Ž .tion Eq. 5, Table 2 was used for the collision frequency.

ducing a greater range of smaller particles that may be de-
scribed by a log normal distribution.

Figure 10 shows that within experimental uncertainty, the
floc number fraction for yeast and CHO cells also show self-
similar behavior. Since using the Abrahamson equation to
predict the collision frequency is more likely to result in self-
similar behavior over a greater range of floc diameters, the
numerical results obtained using the Saffman and Turner
equation were not used to model the experimental results.
Like Figure 9, numerical results for the binary and log nor-
mal fragment distribution function are shown.

In Figure 9, the experimental results for yeast and CHO
cells are well predicted by the numerical results using the
binary and log normal fragment distribution functions, re-
spectively. In Figure 10, however, the experimental results
for yeast and CHO cells are similar: both are predicted bet-
ter by the log normal fragment distribution function. For
CHO cells, this is not surprising since the floc volume frac-
tion was also predicted best by the log normal fragment dis-
tribution function.

The results for yeast in Figure 10 do not agree with the
Ž .results shown in Figure 9. Kim et al. 2001 have shown that

baker’s yeast contains a significant amount of sub-micron

Figure 8. Cumulative floc number fraction as a function
of dimensionless floc diameter.
d is the number average floc diameter. Solid lines are ex-N
perimental results for yeast, dashed lines are experimental
results for CHO cell. Open squares and triangles represent
the numerical results using binary and log normal fragment
distribution functions, respectively. The Abrahamson equa-

Ž .tion Eq. 5, Table 2 was used for the collision frequency.

sized small cell debris. The percentage by volume of this
sub-micron sized particulate matter is small. However, the
number of sub-micron sized particles is large. Thus, it could
be that this sub-micron sized particulate matter contributes
significantly to the floc number fraction, hence, the log nor-
mal fragment distribution function gives a better prediction
of the experimental data than the binary fragment distribu-
tion function.

In this work we have used the log normal distribution to
describe the fragment distribution function. However, this is
not the only choice. For example, we could have used a trun-
cated normal distribution instead. In fact any function that
permits the existence of a self-similar solution could be used
Ž .see Table 3 . We choose the log normal distribution since it
is the asymptotic limit of a repeated breakage process
Ž .Kolmorogov, 1941 .

We present our experimental and numerical results in
terms of a dimensionless floc diameter. All the flocculants
given in Table 4 were tested using yeast cells. However, as
indicated in Table 4, only two of these flocculants were used
to flocculate CHO cells. For all of the experimental condi-
tions tested, we found self-similar behavior. Obtaining a self-
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Figure 9. Floc volume fraction as a function of dimen-
sionless floc diameter.
d is the volume average floc diameter. Solid lines are ex-V
perimental results for yeast, dashed lines are experimental
results for CHO cell. Open squares and triangles represent
the numerical results using binary and log normal fragment
distribution functions, respectively. The Abrahamson equa-

Ž .tion Eq. 5, Table 2 was used for the collision frequency.

similar steady-state floc size distribution is of considerable
value in characterizing the experimental results. Our numeri-
cal results also exhibit self-similar behavior over a range of
initial and operating conditions. This is not surprising since
the functional forms used for � , � , S , � , � � , � � , S� andjk jk i i j jk jk i
� � and the definition of the dimensionless floc size can bei j
shown mathematically to permit the existence of a self-simi-

Ž .lar size distribution Ramkrishna, 2000 . However, the actual
existence of a self-similar solution is not guaranteed for all

Ž .initial and operation conditions. Ramkrishna 2000 discusses
this point in detail.

Figure 10. Floc number fraction as a function of dimen-
sionless floc diameter.
d is the number average floc diameter. Solid lines areN
experimental results for yeast, dashed lines are experimen-
tal results for CHO cell. Open squares and triangles repre-
sent the numerical results using binary and log normal
fragment distribution functions, respectively. The Abra-

Ž .hamson equation Eq. 5, Table 2 was used for the colli-
sion frequency. The shear rate for the log normal distribu-
tion function was 500 sy1.

The experimental and numerical results indicate that the
average particle size and the particle-size distribution at
steady state do depend on the initial conditions and operat-
ing conditions. For flocculation of biological cells, this is de-

Žscribed in our earlier publications Kim et al., 2001; Wick-
.ramasinghe et al., 2002 . We obtain good agreement between

Ž .experimental and numerical results Figures 7
10 when
compared in terms of dimensionless floc diameter. Table 5
gives the actual numerically and experimentally determined
volume based average floc size for the range of conditions

Table 5. Comparison of Actual Numerical and Experimental Steady-State Particle-Size Distributions and Volume Based
Average Particle Size�

Numerical Yeast CHO Cell
y1Ž .Shear rate s 50
500 2
200 40

Ž .Initial particle diameter �m 0.5
10 8
9 10
3 4 7 7 6Ž .Initial particle concentration cellsrcm 9.3�10 
9.3�10 5�10 1
2�10

4Ž .Steady-state particle-size range �m 0.5
1.0�10 0.4
2,000 0.4
260
Ž .Volume based average particle size �m 1
2,000 10
700 15
70

�The experimental results fall within the range of numerical results.
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investigated. In our study with the exception of the shear rate,
numerical conditions were chosen in order to bracket the
conditions used experimentally. For the numerical results at
shear rates less than 50 sy1, obtaining a steady-state solution
often took a very long time. Consequently, results reported
here are only for shear rates between 50
500 sy1. As can be
seen, the experimentally determined average particle sizes do
fall within the range of values obtained numerically.

Direct comparison of the actual floc diameters obtained
experimentally and numerically is not straightforward. Dur-
ing the simulation, the system is subjected to a constant uni-
form shear rate. However, in the experimental system, since
a magnetic stirrer is used, a range of shear rates exists. In
Table 5 the shear rate was estimated using the method de-

Ž .scribed by Spicer et al. 1996b for stirred tanks.
Actual flocs are not spherical in both the experimental and

numerical systems. Commercially available particle sizers
transform the scatter patterns obtained into an expected par-
ticle-size distribution using theories such as those of Mie
Ž .Stover, 1990 assuming spherical particles. However, in the
simulation the diameter of a given floc is calculated as fol-
lows: first, the total volume of the floc is calculated based on
the number of the primary particles in the floc, then the di-
ameter is calculated from the total volume assuming that the
floc is a sphere. Although the particle sizer is accurate to

Ž .about 1% of the average particle size Coulter Co., 1994 ,
average floc diameters determined experimentally and nu-
merically will be different. Further, our particle sizer can only
measure flocs in the size range 0.4
2,000 �m. Flocs outside
this range will not be reported correctly. These differences
are minimized by presenting results in terms of the dimen-
sionless floc diameter, as defined by Eqs. 7 and 8.

The results obtained here show that a population balance
equation may be used to model floc size distributions for yeast
and CHO cells. The numerical results show that a self-similar
particle-size distribution may not always be obtained. In or-
der to improve the permeate flux during microfiltration it is
essential to minimize the amount of small particulate matter

Ž .and cell debris present Kim et al., 2001 . Consequently, the
Ž .stirring conditions shear stress and time may be important.

The results obtained here could be used to help guide the
selection of appropriate flocculation conditions for practical
applications.

Conclusions
A population balance model has been used to predict the

floc size distribution for feedstreams of yeast and CHO cells.
The floc volume fraction for yeast cells is predicted best by
the binary fragment distribution function, but the floc num-
ber fraction is predicted best by the log normal fragment dis-
tribution function. For CHO cells, the log normal fragment
distribution function gives the best prediction for the floc vol-
ume and number fraction.

Using the equation by Abrahamson for the collision fre-
quency gives better predictions of the experimental results
than the equation by Saffman and Turner. Further self-simi-
lar behavior is observed at higher shear rates for the Abra-
hamson equation. Since minimizing the amount of smaller
particulate matter present could enhance the permeate fluxes

during microfiltration, flocculation of cells at shear rates that
lead to self-similar floc size distributions may be beneficial.
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Notation
asprincipal rate of strain in Eq. 1, Table 1; parameter in Eq. 7,

Table 3
Asspecific fragmentation rate for the largest particles present

in Eq. 3
A�sproportionality constant in Eq. 4
Bscumulative breakage distribution function in Eq. 4, Table 3
csparameter in Eq. 2, Table 1, Eq. 1, Table 3 and Eq. 7, Table

3
dsdiameter of flocs; parameter in Eq. 7, Table 3
Fscumulative fraction of flocs
F scollision diameter function in Eq. 4, Table 2c
Gsshear rate
ksBoltzmann constant in Eq. 1, Table 2
Ksvariable in Eq. 12, Table 3
nsnumber fraction of flocs; parameter in Eqs. 9 and 11, Table 3
Nsnumber fraction of floc sections
rsparameter in Eq. 6, Table 3
ssinitial dimensionless distance between two particles in Eq. 1,

Table 1
S, S�sfragmentation rate of particles

tstime
Tsabsolute temperature in Eq. 1, Table 2
usvolume of particles
2U smean squared velocity deviation in Eq. 5, Table 2

� svolume fraction of particles
Vsvolume fraction of floc sections

Greek letters
� , � �scollision efficiency between two colliding particles

� sintrinsic efficiency factor in Eq. 2, Table 1o
� , � �scollision frequency between two particles
� , � �sfragment distribution function

�sbreakage distribution function modified to conserve volume
� , � �, � �sconstant in Eqs. 3 and 4

	senergy dissipation rate per unit mass in Eq. 5, Table 2; rela-
tive difference of the average particle size between two
neighboring steps in Eq. 6

� � scharacteristic angle in Eq. 1, Table 1
�sviscosity in Eq. 1, Table 2

 sstandard deviation for the log normal and normal distribu-

tions in Eqs. 2, 3, 10, and 12, Table 3
� sparticle relaxation time in Eq. 5, Table 2

Subscripts:
i, j, ksparticles or floc sections number

Nsnumber based
msmean

maxsmaximum
Vsvolume based
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